Lecture &
Analyzing the diffusion
weighted signal



Next lecture, DTI

For this lecture, think in terms of a single voxel




We're still looking only at a single voxel experiment
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Phases of diffusing spins
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THE ESTIMATION PROBLEM
FOR GAUSSIAN DIFFUSION
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measured signal object of our desire!
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The signal from 1D Gaussian Diffusion
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Consider only two measurements
and write data in vector form

) =0 (S2C0DN & (1)
=sew |~ (325) |+ ()

N\
»w O
/N 7 N
St S
N
SN—

This clearly generalizes to n measurements



Fit a Single-Term Exponential Model

Generate data with an exponential trend and then fit the data using a single-term exponential. Plot the fit and data.

A== =R s

y = 2xexp(-0.2%x) + @.1xrandn(size(x));
f = fit(x,y, 'expl')

plot(f,x,y)

General model Expl:

f(x) = axexp(bx)

Coefficients (with 95% confidence bounds):
a= 2.021 (1.89, 2.151)
b = -0.1812 (-0.2104, -0.152)




Recall: gradients add like vectors

k-x=kyx+kyy =Gt + Gty

spatial modulation of the phase




DIRECTIONAL DIFFUSION ENCODING
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The b-matrix

b?lj(T):/OQi(t)Qj(t)dt £=(x,y,z)

where q = /g(t) dt

For constant diffusion gradients

bij (T) = ¢ig;T



The NMR signal for 1D Gaussian diffusion
s(q.7) = s(0) / P(F. r)e=97 dF
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The NMR signal for 3D Gaussian diffusion
s(q,7) = /P(f, T)e 4T dr

P(r,7) = e—fftD—lf/zLT
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The NMR signal

3D Gaussian diffusion

s(q,7) = s(0)e™""

s(b) = s(0) exp > >\bwa

bD = 17¢°D — bD =1q' - D - q



A single diffusion-weighting direction







Rearranging the directions

bD =7q"'- D -q

A

q = qu q = |q




The NMR signal

bD = ¢°tu'- D -u
A,_/




MEASURING THE DIFFUSION TENSOR

S(b,#) = S(0)e~*P +




MEASURING THE DIFFUSION TENSOR




THE SHAPE OF DIFFUSION
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What is the meaning of D?

~

D=u"-D u
It is the projection of D along u

D
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Diffusion Tensor is Symmetric

D = D¢ matrix form

Dij =D Jt component form
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Estimating the Diffusion Tensor
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There are 7 unknowns






Estimating the Diffusion Tensor
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But there are 7 unknowns,
so we need 7 equations to solve for them



Estimating the Diffusion Tensor

We make 7 measurements,
each with a different direction



The B-matrix

tensor dimensions —>

/QM d1,y 41, 41,291y 4q1,2491,2 41,9491,z 1\
G5, G5, G3. Geolly G2002: G240, 1

\qn a5 qA’?L,y qn z qAn,:chl,y q\nvxq/\naz qAn,ijn,z 1)

gk = g0 7’th direction

gradient directions

T=A—-9/3






log s(b1)
log s(b2)

log s(by,)

Estimating the Diffusion Tensor
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Estimating the Diffusion Tensor

Solving for the diffusion tensor
1s reduced to finding the solution
to the matrix equation
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Estimating the Diffusion Tensor

Matrix equation

Yy = Btd/
data X

Matrix solution

d= By

\

pseudo-inverse



Least Squares

The least-squares solution to the matrix equation
y = Ax
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NO!



Least Squares

The least-squares solution to the matrix equation

&= A"y (note that & # A 'y)
where
AT =(ATA) AT

This 1s called the psewdo-inverse of A



Estimating the Diffusion Tensor

In practice

D calculated with BdDWItoDT (AFNI)

eigensystem calculated by:

[evals,evecs] = eig(D)



