
Lecture 7 

The MR Sensitivity to 
Diffusion
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where

The signal is the Fourier Transform 
of the transverse magnetization

s(�) =
�

�
m⇥(r, t)e�i⇥(x,�) dr

⇥(x, �) =
� �

0
G(t)x(t) dt

The NMR Signal



⇥(�) =
� �

0
G(t)x(t) dt

The phase depends upon:

1. Temporal profile of the gradient G(t)
2. The motions x(t)

The Phase of Moving Spins



x(n)
o � dnx

dt
|t=0

the n’th order time derivative of x 
evaluate at time t=0

Some notation



x(1)
o � dx

dt
|t=0 = v(0) initial velocity

x(2)
o � d2x

dt
|t=0 = a(0) initial acceleration

x(t) = xo + x(1)
o t +

1
2!

x(2)
o t2 + . . . +

1
n!

x(n)
o tn

x(0)
o � x(0) initial position

initial velocity

initial acceleration

(etc.)

Description of motion



⇥(�) =
� �

0
G(t)x(t) dt

1
n!

x(n)
o tn

⇥n(�) =
1
n!

x(n)
o

� �

0
G(t)tn dt

⌅ ⇤⇥ ⇧
mn(�)

The Phase of Moving Spins



⇥n(�) =
1
n!

x(n)
o mn(�)

phase contribution of 
n’th order of motion = n’th time derivative 

of displacement
n’th gradient 

moment

mn(�) =
� �

0
G(t)tn dt

The Phase of Moving Spins



⇥(�) =
� �

0
G(t)x(t) dt
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The Phase of Moving Spins
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Precession phase in a positive gradient
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Gradient echo first moment



The Basic Ingredient #1: 

x

B(x)

time

isochromat moving at velocity v

Precession phase in a gradient
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Te
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Gradient echo second moment
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Gv�2

�o(Te) = xomo(Te) = 0

flow induced 
phase!

Gradient echo phases
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Magnetic Resonance Phase Contrast Angiography
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Magnetic Resonance Angiography



The Random Walk

start
end
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The Random Walk
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Three-dimensional



The Basic Ingredient #1: 
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diffusing spins

Precession phase in a positive gradient
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diffusing spins
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Precession phase in a positive gradient



The Random Walk in a Gradient

0

5

10x

!5

0

5

10

y



⇥(�) =
� �

0
G(t)x(t) dt

but now motion of x is random

P (x) =
1�

2�⇥2
e�(x�µ)2/2⇥2

The phase of diffusing spins
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Random walk in 1D
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The Bipolar Gradient Pulse (gradient echo)



The Bipolar Gradient Pulse (spin echo)

G(t)

t

G
x

� �

G
x

t

RF (t)
180°



x

B(x)

0�x

Stationary Spins in Bipolar Pulse
tim

e

+ + =



x

B(x)

0�x

tim
e

+ + =

Diffusing Spins in Bipolar Pulse



Key Fact

Only diffusion along the direction of the 
applied gradient has an effect

Diffusion process is irreversible

The complex trajectory followed on one side of the pulse  
will not be the same on the other side 



early NMR measurements of Diffusion



Early Phase Contrast NMR



S(') =

Z

⌦
dx ⇢(x)e�i'(x,t)

S(') =

Z

⌦
dx spins(location, phase)

S(') =

Z

⌦
dx ⇢(x)e�i'(x,t)

S(') =

Z

⌦
dx ⇢(x)e�i'(x,t)

S(') =

Z

⌦
dx spins(location, phase)

S(') =

Z

⌦
dx spins(location, phase)S(') =

Z

⌦
dx spins(location, phase)

signal = sum over all spins

The MRI Signal

x

S(') =

Z

⌦
dxP (x, t) e�i'(x,t)

S(') =

Z

⌦
dxP (x, t) e�i'(x,t)



The NMR signal

m�(x, t)� P (x, t)

s(�) =
�

�
m⇥(x, t) e�i�(x,t) dx

s(�) =
�

�
P (x, t) e�i�(x,t) dx



Basic Diffusion Coefficient Experiment
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Phases of diffusing spins

⇥(�) =
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0
G(t)x(t) dt
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The narrow pulse

⇥(�) =
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0
G(t)x(t) dt
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The narrow pulse
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⇤(⇥) = �G� x(t1) + G� x(t2)
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The narrow pulse approximation
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⇤(⇥) = qr where

�
q = G�

r = x(t2)� x(t1)

The narrow pulse approximation
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The NMR signal for the narrow pulse

s(�) =
�

�
P (x, t) e�i�(x,t) dx

⇤(⇥) = G�⇤⇥�⌅
q

[x(t2)� x(t1)]⇤ ⇥� ⌅
r

= qr

where

s(q, t) =
�

P (r, t) e�iqr dr



Recall:  For Gaussian diffusion in 1D
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The NMR signal for the narrow pulse

s(q, t) =
�

P (r, t) e�iqr dr

P (r, t) =
1�

4�D⇥
er2/(4D�)

s(q, t) =
1�

4�D⇥

�
er2/(4D�) e�iqr dr



The NMR signal for the narrow pulse

s(q, t) =
1�

4�D⇥

�
er2/(4D�) e�iqr dr

s(q, �) = s(0)e�bD

b = q2�where



The NMR signal for the narrow pulse

s(q, t) =
1�

4�D⇥

�
er2/(4D�) e�iqr dr

s(q, �) = s(0)e�bD

where b = q2⇥ = G2�2(�� �/3)



The NMR signal for the narrow pulse

s(q, �) = s(0)e�bD

where b = q2⇥ = G2�2(�� �/3)

The signal is a decaying exponential with
amplitude equal to the non-diffusion weighted image s(0)

and a decay proportional to the square of the diffusion 
weighting gradient area q times the diffusion time 

(both known) and the diffusion coefficient D,
which is unknown . 

�



The signal from 1D Gaussian Diffusion

s(b) = s(0)e�bD s(b) = s(0)e�bD + �(b)
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The signal from 1D Gaussian Diffusion
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The signal from 1D Gaussian Diffusion

s(b) = s(0)e�bD + �(b)
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A “Standard” Bipolar Pulse
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A “Standard” Bipolar Pulse
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A “Standard” Bipolar Pulse
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A “Standard” Bipolar Pulse
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The average location over time

x̄ =
1
n

n�

i=1

xi

x̄ =
1

n dt

n�

i=1

xi dt

x̄ =
1
�

� �

0
x(t) dt

dt dt dt dt dt dt

n dt = �



The average location over time
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A “Standard” Bipolar Pulse

d d

D

»g»

TEê2 TEê2

e

90° 180° echo

t1 t2

� = �G

� t1+�/2

t1��/2
x(t) dt + G

� t2+�/2

t2��/2
x(t) dt



A “Standard” Bipolar Pulse
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A “Standard” Bipolar Pulse
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S(b) = S(0) e�bD + ⌘S(b) = S(0) e�bD + ⌘

b = q2⌧

The Estimation Problem 
for Gaussian Diffusion

S(') =

Z

⌦
dxP (x, t) e�i'(x,t)

Gaussian

⌧ = �� �

3
G(t)

t

G
x
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G
x
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measured signal
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signal (b=0) pulse sequence parameters

object of our desire!

noise

q = �G



The NMR signal for 1D Gaussian diffusion

s(q, �) = s(0)
�

P (r̄, �)e�iq·r̄dr̄

s(q, �) = s(0)e�bD

P (r̄, ⇥) =
1�

4�D⇥
e�r̄2/(4D�)



The b-value
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The Diffusion Signal

Signal and Distribution are 
Fourier Transform pairs

s(q, �) =
�

P (r̄, �)e�iq·r̄dr̄

P (r̄, �) =
�

s(q, �)eiq·r̄dq



Ideal b-value
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Ideal b-value with trapezoidal pulses
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The Diffusion Signal

Signal and Distribution are 
Fourier Transform pairs

s(q, �) =
�

P (r̄, �)e�iq·r̄dr̄

P (r̄, �) =
�

s(q, �)eiq·r̄dq



Lecture Summary

1. Gradients and phase of stationary spins
2. Gradients and phase of spins at constant velocity
3. Gradients and phase of randomly moving spins


