Lecture 5
Magnetic Resonance Imaging:
Image Formation



Lecture Summary

1. The Spin Echo

2. Magnetic hield gradients

3. Spatial modulation of phases

4. The Gradient Echo
5. The NMR signal
6. The NMR 1mage
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Rotating Frame
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Excitation

lab frame rotating frame

A magnetic field B; applied along the vy’ axis that rotates at frequency
w, = vB, relative to the lab frame is called the rf excitation pulse, since w, is
in the radio-frequency (MHz) range.






Free Induction Decay

Immediately following termination of
excitation pulse:

1. Spins precess in main field Free for excitation pulses
2. There precession generates current in RF coils by the
Faraday's Law of Induction

3. This signal diminishes exponentially due to Decay of
the transverse component

This 1s called
Free Inductton Decay






T, dephasing
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Spin Echo
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The NMR signal
— /mL(r,t)e_i dr
0

where Z’y/ B(x,t)dt
0

The signal 1s the Fourier Transform
of the transverse magnetization




Traditional units
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Magnetic Field Gradient



Gradient and phase
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AB = 6Jimi - 6Elvis



Spatial variations of phase along gradient



Signals add like vectors
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(a) ¢ = m/16 (b) ¢ ==/8 (d) & =m/2
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A negative gradient ...

Ga(t)




...followed by the reversed gradient
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Gradient echo



Effective gradient
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Isochromats

w=vb

All spins precessing at a particular frequency
are called an wochromat

(same frequency = same “color”)



A tale of 3 isochromats




A tale of 3 isochromats
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A tale of 3 isochromats
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A tale of 3 isochromats
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The NMR signal

O O @
— I
s(w) = My (24 )
w_ =vB, — G, Az w, = VB, wy =vB, + vG.Ax

s(w) = mey(xi)e_i”it

— Lo T Ax



The NMR signal (lab frame)

s(w) :/mxy(x)e_i“(x’t)tdx
Q

where

w(x,t) = w, + YG
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The NMR signal (rotating frame)

the magnetic field gradient
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The phase

:fy/ B(x,t)dt:”yBOT—l-V/ x(t) dt
0 ~—— 0

1aboratory frame

_ V/OT o(1) dt

rotating frame




The phase in the rotating frame

o(2,7) = 7 / G(t)a(t) dt

Simplification #1: fixed location,  p(x, ) = yo / G (t)dt

known gradient time 0
H—/



The phase in the rotating frame

o(x,T) = *y/OTG(t)x(t) dt

Simplification #2:

)
constant gradient amplitude plz,0) =y A /O dt = 733(4,5/
k



The NMR signal (rotating frame)

s(w) :/mxy(x)e_i“(x’t)tdx
Q

where

w(x,t) =vGrx



The NMR signal

s(w) :/mxy(x)e_i“(x’t)tdx
Q

where



The NMR signal

s(k) = mxy(x)e_’kxdx
Q2
where
kol/x
k = fyth Jpatial frequency

What does this mean?



The NMR signal

(lab frame)
O O @
—
S(k) — My ($+)6—zka:+
k(x, — Ax) kx, k(xo + Ax)

s(k) = mey(xo 4 xl)e—ik(:coerz) _ mey(ﬂfo 4 ZAw)e—z’k(xo—l—lAa;)
[ [

k=~G,t
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The NMR signal

(rotating frame)

O O @
s(k) = mwy(er)e_ikmr
—kAx 0 kAx
s(k) = Z Mgy (T7)e™ "7 = Z Mgy (IAT)e ™ FAT
I=—1,0,1 I=—1,0,1

Signal adds coherently when k = 27 /Ax,
i.e., when the k value matches the spatial
T4 = +Ax frequency of the spin distribution




The NMR signal

b
Ax
s(k) = z:mg,;y(le)e_”‘“lAaj k =Gyt
l=—n
s(k) = [ my(z)e """ da

Signal adds coherently when k = 27 /Ax,
i.e., when the k value matches the spatial
frequency of the spin distribution




Spatial modulation of the phase
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phase modulated along gradient direction




Vectorize phase

Vector form (arbitrary direction)

k-x=kyx+ kyy =Gt + Gty



Spatial modulation of the phase

k-x=Fkx+ kyy =Gt + vGyly

gradients add like vectors



Spatial modulation of the phase
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scaling gradients changes degree of modulation



Spatial modulation of the phase
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relative amplitude of gradient changes modulation direction
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The NMR signal

s(p) = /Q my (e da

where :/G(t)-azdt
0

2(t) =z = :w-/TG(t)dt
- k



The NMR signal

s(k) = /QmL(:c,t)e_ik'“’ dx

The signal 1s the Fourter Transform
of the transverse magnetization

For static tissue (and perfect scanner)

mL(a:,t) — mL(w)




The Image

signal s(k) = /mL (.’,E)e_ik'CB dax
(2

A 4

Inverse Fourter Transform

image m (x) = /S(k)eik'm dk



The NMR signal

s(p) = /Qmi(w,t)e_"; dx

\.




